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The triaxial dynamics of the quadrupole-deformed rotor model of both the rigid and the irrotational type have 
been investigated in detail. The results indicate that level patterns and E2 transitional characters of the two types 
of the model can be matched with each other to the leading order of the deformation parameter jS. Especially, it is 
found that the dynamical structure of the irrotational type with most triaxial deformation (y = 30°) is equivalent 
to that of the rigid type with oblate deformation (y = 60°), and the associated spectrum can be classified into the 
standard rotational bands obeying the rotational L{L + 1 )-law or regrouped into a new ground- and y-band with 
odd-even staggering in the new y-band commonly recognized as a signature of the triaxiality. The differences 
between the two types of the model in this case are emphasized especially on the E2 transitional characters. 

PACS numbers: 21.60.Ev, 21.60.Fw, 21.10.Re 


I Introduction 

The quantum rotor has been widely applied to explain rota¬ 
tional excitations in molecules and nuclei M. For heavy 
or medium mass nuclei, it is often assumed that there is a 
quadrupole-deformed surface of these ellipsoidal nuclei IH-Ql ■ 
Thus, rotational excitations in these nuclei may be schemati¬ 
cally described by rotational dynamics of an ellipsoid with 
quadrupole deformation. 

Although the quantum rotor is illustrated in many text¬ 
books JUla], a detailed comparison of rotational dynamics of 
different types of quadrupole-deformed rotor || 3 l is still ab¬ 
sent, which, however, should be made, especially when the 
rotor is applied to describe rotational motions in deformed 
nuclei. Specifically, the triaxial rotor lH, which has been 
widely using as a basic and simple description of nuclear col¬ 
lectivity, has been realized microscopically within the SU(3) 
shell model @ - flOl] and algebraically in the intera cting boson 
model llllUo . Particularly, our recent analysis IIO shows 
that the E2 properties in the SU(3) image of the quadrupole- 
deformed rotor is closer to those obtained from the rgid type 
rotor. On the other hand, the values of the moment of inertias 
extracted from experiments may approach to those obtained 
from the irrotational type rotor. The dynamical differences be¬ 
tween the two types of rotor in an axial-deformed case is well 
known im. However, the situations in the triaxial-deformed 
case remain to be investigated. More recently, a triaxial ro¬ 
tor model with independent inertia and E2 tensors was sug¬ 
gested CMtI, which provides new insights into the physics 
of triaxial rotations. As the triaxial rotation is explicitly de¬ 
fined in the quadrupole-deformed rotor, it is necessary to clar¬ 
ify the differences between the triaxial dynamics generated 
by the different type of quadrupole-deformed rotor Hamilto¬ 
nian, especially by seeing that both the rigid and irrotational 
type rotor are used to describe nuclear collectivity lEIIl. In 
this work, we will present a systematical analysis of the sim¬ 
ilarities and differences of level patterns and E 2 transitional 
characters of the irrotational type model and those of the rigid 
type model. 


If only quadrupole-deformation is considered, the nuclear 
surface in the body-fixed frame (the principal axis system) 
may be described as Hi. 

R{e,^)=Ro[l+Y^ayY2yie,^)], (1) 

V 

where Rq is the radius of the nucleus with spherical shape, 
{oy} represent components of the quadrupole deformation 
with 


ai=fl_i=0, <22 = <3-2, (2) 

andT 2 v( 0 , 0 ) is the spherical harmonics. It is more convenient 
to use another set of parameters ||^ @] introduced by A. Bohr 
defined via 


<20 = jScosy, 

<22 = <2_2 = AjSsiny, 
v2 


where j3 represents the total deformation with 


Ll«vp=^^ 


(3) 

(4) 


and 7 represents the degree of triaxiality. 

The deviation of R{9,^) from Rq is given by 

AR{e,<l))=R{d,<l))-Ro (5) 

= Y^/?oj3[cos7(3cos^0 ~ 1) + ■\/3sin7sin^0cos20]. 

It can be proven that all quadrupole-deformed shapes can be 
covered by 7 within [O,-!]. Thus the deviations of 
from Rq along the principle axes 

ARi = Ri — Rq = R{—^0) — Rq, 

AR2 = R2-Ro = Ri^,^)-RQ, ( 6 ) 

ARj = R2 —Rq= R(0, 0) — Rq 


can be summarized as 


II Quadrupole-deformed ellipsoids and their moments of 
inertia 


A/?;i = J ^/?oj 3 cos( 7 - with A = 1, 2, 3. (7) 

V 47r 3 
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Specifically, one may find 

ARi=AR2 = -^f^RoP, AR3 = ^RoP ( 8 ) 

at 7 = 0; 

ARi = AR3 = , AR2 = -^Roli (9) 

at 7 = f; 

ARi=Q, AR2 = -AR3 = -J^RoI5 (10) 


It can easily be found that Fi = r 2 >r 3 at 7=0 corre¬ 
sponding to the prolate shape, ri=r 3 <r 2 at 7 =^ cor¬ 
responding to the oblate shape, and r 2 >ri >r 3 at 7 =^ 
corresponding to the most triaxial shape. It is obvious that the 
dynamical shape characterized by the moments of inertia 23 — 
with a = 1, 2, 3 is always consistent with the geometric shape 
characterized by the Bohr variable 7 for the rigid type ellip¬ 
soid. Moreover, when Fi = F 2 orFi = F 3 , the spectrum of 
(fTTl i obeys the rotational L{L+ l)-law within each rotational 
band. Therefore, the spectrum of the prolate or the oblate rigid 
ellipsoid is called regular. 

On the other hand, for an irrotational ellipsoid with the 
same mass density distribution, one may write the moments 
of inertia along the principle axes as IH] 


at 7 = f ■ If only j3 > 0 is allowed, the above results indicate 
that 7=0 represents the prolate shape, 7 = f represents the 
oblate shape, and 7 = f corresponds to the most triaxial shape. 

Although the deformation parameters j3 and 7 are not ob¬ 
servables, one can judge the geometrical shape of a deformed 
nucleus from its rotational spectrum if and only if the nu¬ 
cleus is assumed to be rigid. The rotor Hamiltonian is given 
by US 


Hrn,= 


23 1 


232 


233 


■^3 I 


( 11 ) 


where La is the projection of the angular momentum along the 
a-th body-fixed principal axis and 3 a is the corresponding 
moment of inertia. In the following, only rigid or irrotational 
ellipsoid is assumed to discuss the j3- and 7 -dependence of the 
moments of inertia. 

For a rigid ellipsoid with uniform mass density distribu¬ 
tion, the moments of inertia along the principle axes may be 
expressed as 

... M, ^ ^ M, ^ T, 

3l = Fi = -^(f? 2 + 1 ^ 3 ) 1 32 = F 2 = +/?3) , 

Z3=T3 = -{r\+rI), ( 12 ) 


M(Rl-Rlf 

1 =1 1 “ 

M {R\-Rlf 
^ ^ 5 R\+RI 


5 R-I+R] 


32 = r^ 


M{R\~Rlf 

~5 R\+R] ’ 


(15) 


Specifically, the moments of inertia of the irrotational ellip¬ 
soid shown in (15) may be expressed as functions of j3 and 7 
according to Eq. I© as 


,, C[ 2 ^Dsin( 7 -^)-^^sin( 27 -b ^)]2 

2 -f — 2 Dcos( 7 —^) — ^cos(27-|- 
,, C[2V3Dsin(7-^)-^sin(27-f 

2 +D 2 - 2 Dcos( 7 -f )-^cos( 27 +f) ’ 

,, _ C[2V3Dsin7-^^sin27]2 
2-|-D2 — 2 Dcos 7 —licos 27 

(16) 


which may be rewritten uniformly as 


,, C[ 2 -\/ 3 Dsin( 7 —2^) — ^^^^l^sin( 27 + 

^ 2 -|-D 2 — 2 Dcos( 7 — 2 ^) — ^cos(27+ 


(17) 


where M is the mass of the ellipsoid. Substituting Ri with 
/ = 1, 2, 3 given by Eq. (01 into (US, one has 

Fi = 2C[1 -bDcos( 7 + |) -f D 2 (icos( 27 - |) -f ^)], 

F 2 = 2C[1 -|-Dcos(7— — ) -|-D^(-cos( 27 -f —) -f -)], 

T 1 1 

F 3 = 2C[1 -|-Dcos( 7 - tt) +D2(-cos(27-f tt) -b -)] , 

(13) 

where C = and D = \J which can be further simpli¬ 
fied as 

Ta = 2C[1 - Dcos( 7 - — ) - — cos2(7-b — ) -b — ] 

(14) 


for A = 1, 2, 3. Since D or j3 is usually a small quantity, to the 
leading order of D, the moments of inertia of the irrotational 
ellipsoid are given by 

F^= 6 CdW( 7 -^). (18) 

By submitting the collective mass parameter defined as B = 
■^MRq, one may get the familiar form with |@] 

T'a = 4Bj3^sin2(7- , (19) 

which can also be obtained from the derivation shown in nil] 
by using the quantization procedure. 

According to (fT^ . in comparison to the rigid type shown in 
(14), Fj = Fj = 3Bj32 and F 3 = 0 in the prolate case at 7 = 0, 
F'l = F 3 = and F 2 = 0 in the oblate case at 7 = |, and 
Y '2 = F 3 = and Fj = 4Bp^ in the most triaxial case at 


with A = 1, 2, 3. 
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7 = f. It should be noted that the moments of inertia of the ir- 
rotational type ellipsoid at 7 = ;r /6 is symmetric with respect 
to the 2nd and 3rd principal axes exchange though the geo¬ 
metric shape is most triaxial according to (10). It is clear that 
the dynamical shape characterized by the moments of inertia 
2 ^ is inconsistent with the geometric shape characterized by 
the Bohr variable 7 for the irrotational type ellipsoid in either 
the oblate case or the most triaxial case. 

Ill Comparison of the rigid and irrotational ellipsoid 
dynamics 

The quantum dynamics of a rotor described by is de¬ 
termined by relative magnitudes of the moments of inertia. As 
a consequence, differences and similarities in the spectral pat¬ 
terns and E2 transitional characters of the rigid ellipsoid and 
those of the irrotational ellipsoid can be analyzed accordingly. 

It should be noted that, no matter whether a quantum el¬ 
lipsoid with exact axial-symmetry is rigid or irrotational, its 
arbitrary rotation around its axial-symmetry axis is quantum 
mechanically undetectable due to the additional (9(2) symme¬ 
try. In this extreme case, its spectrum involves only K = 0 
band as clarified in |@], of which the levels obey the L{L -I- 1 )- 
law, where L and K is the total angular momentum and its 
projection onto the symmetric principal axis. 

As shown in the previous section, the axially-symmetric 
situations occur at 7 = 0 and 7r/3 corresponding to the pro¬ 
late and oblate shape, respectively, for the rigid type and at 
7=0, 7r/6, and n/h for the irrotational type. As a result, 
one can not tell whether the ellipsoid is rigid or irrotational 
from its spectrum when 7 = 0 or 7 = n/3>. Although axial- 
symmetric situation is unrealistic in describing rotational mo¬ 
tion of deformed nuclei, a comparison of spectral characters 
of the rigid ellipsoid to the irrotational one in this extreme case 
is instructive. Actually, up to a scaling factor, spectra of the 
two types of ellipsoid are the same at 7 = 0 because the rela¬ 
tion 3 1 =32 > 33 is satisfied for both types. Moreover, there 
is no distinction of the irrotatioal ellipsoid at 7 = 0 from that 
at 7 = 7 r /3 in spectra because energy levels generated from 
the two are the same. In contrast, the scaling of excitation 
energies of the prolate ellipsoid is different from that of the 
oblate one in the rigid case as shown from the moments of 
inertia given in (14). An interesting point is that, up to a scal¬ 
ing factor, spectrum of the irrotational ellipsoid in the most 
triaxial case at 7 = 7i/6 coincides with that of the rigid one 
in the oblate case at 7 = n/h. Therefore, spectral characters 
of ellipsoids of different type but of different geometric shape 
may be quite similar, even when the axial-symmetry is slightly 
broken. 

In fact, if only the leading order of D is considered, the 
moments of inertia for the rigid case shown in (fT4l i may be 
expressed as 


O 0 -jr 

r,=2C[l-Dcos(7-—)] 


( 20 ) 


since D = y ^ is generally a small quantity with 0 <D < 1, 
while the moments of inertia for irrotational case shown in 


(fTsT l can be rewritten as 

r)^=3CD2[l-cos(27-^|^)]. ( 21 ) 

In comparison of (l 20 l i with (| 2 TI) . it is obvious that, up to a 
scaling factor, there is the one-to-one correspondence between 
the moments of inertia of rigid type shown in (l 20 l i at 7 = 2 f 
with 0 < f < n/6 and those of irrotational type shown in ( 1211 ) 
with the 1 St and the 2nd principal axis exchange at 7 = f when 
D=l. 

Furthermore, it can be verified that such a correspondence 
is preserved even for 0 <D < 1. For example, it can be shown 
that relative magnitudes of the moments of inertia given by 
(I 2 OI 1 at 7 = ;r /6 are similar to those shown in (1211) at 7 = ;r /12 
since the relations 3a > 3^ > 3c and (3a +3e)/2 = 3* are 
satisfied for both cases with any given D value, where {a, b, c) 
represents (1, 2, 3) for the rigid case and (2, 1, 3) for the ir¬ 
rotational case. To illustrate the effect of D (or j3) on the level 
structure, we take the two typical energy ratios, £ 2 + /^ 2 + 
E^+/E 2 +, as the examples. Explicitly, the two energy ratios 
can be analytically expressed as 


_ ^2 _ 3+.^5+4cos(67) 

3 _ ^5+4cos(6y) 

D - _ 6 


( 22 ) 

(23) 


for the ones solved from the irrotational type rotor and 


P _ _ 4-D-+i/D^(4+0^+4gcos(3y)) 

ngl ~ £ 2 + 4- _ .^2)2 (4+d 2 _|_4£,(,os (3 y)) 

- ^ 3 + _ 2 ( 4 - 0 ") _ 

ngit £ 2 + 4-D2 _ yfol (4+d2+4Dcos(37) ) 


(24) 

(25) 


for those solved from the rigid type rotor. It is clear that the 
energy ratios in the irrotational case depend on only the 7 vari¬ 
able but the ratios in the rigid case depend on both the 7 and 
j3 variables. Particularly, it can be fount that the ratios in the 
rigid case with 7 = 2 f may equal to those in the rigid case 
with 7 = f in the D = I limit. Further, one can define the 
quantities, Ri and Rn, as Ri{t) = £rigi (7 = 2t)/Ri„oi{7 = t) 
and Rii{t) = £iigii (7 = 2t )/ Ri „ oii{Y = f) to test the D depen¬ 
dence of the difference in between the two types of rotor, and 
the calculated results are given in Fig.[T] As clearly seen from 
Fig.m the values of both R[ and increase monotonically 
as increasing of t and D, which indicates that the difference in 
the energy ratios between the two types model defined above 
may become very small for large j3 and 7 deformations. 

A further comparison between the two types of ellip¬ 
soid should be made for both level patterns and E 2 transi¬ 
tional characters. To obtain the energy levels and E2 tran¬ 
sitional rates, numerical diagonalization of the Hamiltonian 
(fTTl i should be carried out. Eigenfunctions of the gen¬ 
eral rotor Hamiltonian (fTTT i may be expanded in terms of the 
Wigner D-functions with 

'FL = Eci'FfM, (26) 

K 
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FIG. 1: The quantities Ri and Rn with D = 0.05, 0.3, 0.8, 0.9 ,0.99, 0.999 are shown as functions of t (in degree). 



FIG. 2; Some low-lying levels in the ground- and y-band of the pro¬ 
late case for the rigid (Rig) ellipsoid (left) and the irrotational (Irro.) 
one (right), in which denotes the ^-th positive-parity state with 
the angular momentum quantum number L, and all the energy values 
have been normalized to the first 2+ energy in the ground-band. 


where M is the quantum number of the angular momentum 
projection onto the third axis in the laboratory frame, {c|^} are 
the expansion coefficients, ^ is an additional quantum number 
needed to label different eigenstates with the same quantum 
number L and M, and 

(27) 

in which £>^^^( 01 , 02 , 03 ) is the Wigner D-function of Eu¬ 
ler angles 0i, 02, and 03 . The Hamiltonian (fTTl i under the 
basis spanned by (l27l) are block-diagonalized. The block- 
diagonalized result is due to the invariance of (fTTT i under ro¬ 
tations by n around the principal axes |@]. These rotations, 
which can be written as Ta = with a = 1, 2, and 3, to¬ 


gether with the identity operation, generate the Vieregruppe 
(D 2 ) group. The invariance means that [H^t, £«] = 0 for 
a = 1, 2, and 3. Generally, Wavefunctions that carry the ir- 
reps of the D 2 can be constructed by a combination of Wigner 
D-functions with 

+(_1)7+u+I.D™!,(0,,()2,9j)], (28) 

where X and /r are integers. The D 2 group has four rep¬ 
resentations denoted as A, B\, B 2 , and B 3 , respectively, in 
which only the A-type representation is allowed for even- 
even nuclei i^. In the A-type case, both X and jx should be 
taken as even integers, by which (|28]) is reduced to dZTl i with 
K = 0 or K = even, in which only positive K values need to 
be considered. The multiplicity of L is given as (L + 2)/2 
for L = even and (L — l)/2 for L = odd. As shown in 1^, 
the allowed L and K are L = 0, 2, 4, 6, • • •, for K = 0 and 
L = K, K+1, K + 2, K + 3,---,foTK = even. 

TABLE I: Some typical B{E2) values for the two types of ellipsoid 
in the prolate case corresponding to the case shown in Fig.[2 where 
all transitions are normalized to B{E2\ 2^ —> Og), of which Eg and Ly 
denote the states with angular momentum quantum number L in the 
ground-band and those in the y-band, respectively. In the calcula¬ 
tions, the y value in the quadrupole operator (HD has been taken the 
same as that used in the corresponding moments of inertia. 


Li 

—)■ 

Lf 

Rig 

Irro 

Li 


Lf 

Rig Ino 



Og 

100 

100 

2y 


Og 

0 - 

^g 


'^g 

143 

143 

2y 


'^g 

0 - 



^g 

157 

157 

3r 


2y 

179 - 

8. 


^g 

165 

165 

4y 


3y 

133 - 


The D 2 symmetry holds for both the asymmetric and 
the symmetric cases of (fTTI) . In the dynamically axially- 
symmetric cases, however, in addition to the D 2 symmetry. 
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there is the additional (9(2) symmetry. The 0(2) group con¬ 
sists of rotations around the symmetric principal axis. When 
3i = 32 ^ Ss for example, the eigenfunctions of (fTTTi in this 
case is those shown in (l27l) . However, (fTTl i in this case should 
also be invariant under arbitrary rotation round the 3rd prin¬ 
cipal axis, namely, [//rot, = 0 for arbitrary (j) G [ 0 , 2 ;r]. 

The additional 0(2) symmetry requires that only K = 0 is 
allowed, because the eigenfunctions given by dZTl i under the 
0(2) rotation transforms as 

(29) 

which is invariant only when K = 0. The additional 0(2) sym¬ 
metry answers why only the ground-band with K — 0 emerges 
for the axially-symmetric rotor Hamiltonian |@]. Actually, the 
axially-symmetric rotor Hamiltonian in this case is invariant 
under the 0 ( 2 )(^D 2 transformation, where stands for the 
semi-direct product. 

In the following, we closely compare the rotational features 
of ellipsoid of the rigid type with that of the irrotational type at 
several special 7 points, of which situations with exact axial- 
symmetry is avoid because the exact axial-symmetry is unre¬ 
alistic in describing deformed nuclei. In order to avoid the ex¬ 
act axial-symmetry, a very small quantity e is always assumed 
to be added to the 7 values corresponding to the exact axially- 
symmetric cases, though the results calculated with 7 + e and 
those with 7 are approximately taken as the same. Moreover, 
besides the ground-band, other bands in this case also show 
up with the near axial-symmetry assumption. 



FIG. 3: The same as Fig.[^but for the two types of ellipsoid in the 
triaxial case. 


Some low-lying levels in both the ground-band and the 7 - 
band of the rigid ellipsoid at 7 = 2 f and those of the irrota¬ 
tional ellipsoid at 7 = f with t fn 0, t = n/12, and f Ri 7 r /6 are 
shown in Figs. 1-3, respectively, where = 1.0 is set for all 
these cases. B(E2) values of the above cases for both the intra- 


and inter-band transitions are calculated according to 


B(E2;Li^Lf) 


\{Lf\\Q\\Li}\^ 

2Li -F 1 


where the quadrupole operator is given as mi] 


(30) 


Qu = ^^0 P [ cos ( 7)£>3 + (^3 + ^ 32 )] ’ 

(31) 

in which e is assumed to be the effective charge. Unless speci¬ 
fied separately, the j3 and 7 values in OTT i are taken the same as 
those in the moments of inertia for a given type of ellipsoid. 
Some typical B(E2) values of both the intra- and inter-band 
transitions of the rigid ellipsoid at 7 = 2 f and those of the ir¬ 
rotational ellipsoid at 7 = f for f r; 0 , f = ;r/ 12 , and f r ;r /6 
are shown in Tables 1-3, respectively. 


TABLE II: The same as Table.Hjbut for the triaxial case correspond¬ 
ing to Fig. [ 3 ] 


Li 

—)■ 

Lf 

Rig 

Irro 

Li 


Lf 

Rig 

Irro 



Og 

100 

100 

2y 


Og 

54 

6 

^g 


'^g 

109 

145 

2y 


'^g 

20 

15 



^g 

99 

165 

3y 


2y 

179 

179 

»g 


^g 

97 

179 

4y 


h 

188 

123 


As shown in Fig. |2l both the ground-band and the 7 -band 
for the two types of ellipsoids of the prolate shape follow the 
L(L -F l)-law exactly except that the band head energy of the 
7 -band is infinite in the irrotational case due to Ej = 0 at 7 r 
0. Notably, £’ 4 j/£’ 2 g = 3.33 is the direct evidence that the 
levels in the ground-band obey the L(L+ l)-law. For the 7 - 

^'4 V ■^'2 V 

band, it is convenient to use the ratio defined as Ry = ^ ' , 

/ ^2y 

of which the ratio Ry = 2.33 if the L(L -F l)-law is satisfied. 
It should be noted that levels in the ground-band and those 
in the 7 -band in the prolate case are grouped by those with 
= 0+ and those with = 2+, respectively, where K is the 
projection of angular momentum onto the 3rd principle axis. 
In this case, the Hamiltonian is nearly axially-symmetric 11 
because 3i R 32 > Sa is always satisfied for both the rigid 
and irrotational type when 7 R 0. Furthermore, the normalized 
results given in Table|I]show that the allowed transitional rates 
for the two types of ellipsoid in the prolate case are also the 
same, while the inter-band transitions for the irrotational type 
are prohibited. 

For the triaxial case, the results calculated for the rigid type 
at 7 = n/6 and the corresponding results calculated for the 
irrotational type at 7 = 7 r /12 are given in Fig. |3 and Table HI) 
It can be seen from Fig. |3]that the level patterns for the rigid 
type is quite similar to those for the irrotational type except 
that the 7 -band head energy is relatively high. Particularly, 
the odd-even stagger ing, which is regarded as a signature of a 
triaxial rotor llllll^ . appears in the 7 -band of both types of 
ellipsoid as indicated by braces in Fig. [3 In addition, Ry = 
2.52 for the rigid type and Ry = 2.42 for the irrotational type. 
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Rig (7=^/3) 

Irro (7=^/6) 

‘"■“ — 85 n.6i_8j 

12.00 - 

11.50- 

8.95-7j 

8.83 — 7* 




4 6.50-63 

4.61- Sg 

4.50-5+ 


3.33 4+ 

^3 2.95 - ^2 

3 2.83 - 

1.61 - 


1.00— 2i 1 

1.00_ 2 '^ “^1 

2 0.61 - 2* 

2 0.50 - 2 * 

0.00 -Ot y ' 

0.00 -0+ y ' 

g ^ 

g 


FIG. 4: The same as Fig. but for the two types of ellipsoid at t 
7Z/6. 


which indicates that levels in the 7 -band of the two types of 
ellipsoid noticeably deviate from the L{L+ l)-law. On the 
other hand, the E 2 transitional rates given in Table |II] show 
that the B(E2, L + 2 —> L) value of intra-band transition in the 
ground-band gradually decreases with the increasing of L for 
the rigid case, but increases noticeably with the increasing of 
L for the irrotational case. 


TABLE III: The same as Table |I] but for the case with t ~ Tt/6 cor¬ 
responding to Fig. [4] where the values given in column IrrOa and 
Irrob are obtained with 7 = —;r /2 and 7 = 5^/3 in the quadrupole 
operator (27), respectively. In addition, all the results have been nor¬ 
malized to B{E2\2g —!> Og) except for those in column Irro, which 
are normalized to 6(£2;2y — ^ Og). 


Li 


Lf 

Rig 

Irro 

IrrOa 

Irrob 

Li 

—)■ 

Lf 

Rig 

Irro 

IrrOa 

IrrOb 

'^g 


Og 

100 

0 

100 

100 

2y 


o« 

0 

100 

33 

0 

^g 

—)■ 

'^g 

140 

1 

155 

140 

^g 


2 y 

0 

143 

48 

0 



^g 

155 

4 

184 

155 

h 


2y 

179 

0 

179 

179 

8 .? 



163 

6 

202 

163 

4y 


h 

131 

1 

146 

131 


in the ground-band and in the 7 -band respectively, where 77 
is the projection of angular momentum onto the 2 nd princi¬ 
ple axis. Eor the irrotational type, the levels with a = 0 and 
those with a = 2 are taken to be in the ground-band and in 
the 7 -band respectively, where a is the projection of angular 
momentum onto the 1 st principle axis because the 1 st princi¬ 
pal axis is the symmetric axis in this case. Thus, it is easy 
to understand why the levels in each band shown in Fig. |4] all 
follow the L{L -F 1 )-law exactly. In contrast to the prolate case 
shown in Table |2] in which B(E2) values of the intra-band 
transitions within the ground-band for both rigid and irrota¬ 
tional type are the same, E2 transitional characters of the rigid 
and irrotational type shown in the first two columns labeled as 
Rig and Irro in Table Hill are completely different. It is clearly 
shown for the rigid type case that the inter-band transitions be¬ 
tween the ground- and 7 -band are completely prohibited, but 
the intra-band transitions are allowed and noticeable, while 
the situation in the irrotational type case is completely the 
inverse, in which the intra-band transitions in each band are 
nearly prohibited, but the inter-band transitions between two 
bands are allowed and noticeable. 



FIG. 5: The same as Fig.|4]but for the ground- and the 7 -hand reas¬ 
signed according to the energy value of the levels with the same L 
shown in the text, which are labeled by gi and 71 respectively. All 
the levels are normalized to the 2^ energy in each case. 


The results calculated for the rigid type at 7 Ri ;r/3 and the 
corresponding results for the irrotational type at 7 R; 7r/6 are 
shown in Fig. |4] and Table |III] It is clearly shown in Fig. 0] 
that the levels in the ground-band of both the rigid and irro¬ 
tational type ellipsoid follow the L{L+ l)-law exactly. Since 
Ry = 2.33 for both types, the levels in the 7 -band of both types 
of ellipsoid also follow the L{L -f l)-law exactly. A notable 
feature of both types is that the levels with L even in the 7 - 
band are all lower in energy than the corresponding ones in the 
ground-band as shown in Fig. 0] It should be emphasized that 
the Hamiltonian (fTTl i in this case is nearly axially-symmetric 
because Fi r; r 3 < r 2 for the rigid type and Y '2 ~ Fj < Fj 
for the irrotational type. As a consequence, the levels with 
77 = 0 and those with rj =2 for the rigid case are taken to be 


As mentioned previously, the 7 value in the electric 
quadrupole operator has been taken the same as that in the 
moments of inertia, which assumes that the nuclear charge 
distribution follows its geometric shape exactly. If the electric 
quadrupole tensor and the inertia tensor can be independently 
parameterized as suggested in iffil] . one can then check what 
7 value should be set in the electric quadrupole operator for 
the irrotational type to produce the the similar E 2 transitional 
characters of the rigid type in the t case. It can be veri¬ 

fied that 7 =—7r/2or7 = 57t:/3 may be adopted in the electric 
quadrupole operator OTl i for the irrotational type, of which 
7 = 7 = ;r /6 is taken for the moments of inertia in this irro¬ 
tational type case. The corresponding B(E2) values are listed 
in the last two columns of Table |III] It should be noted that 
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the electric quadrupole operator with y=—nl2 was also used 
in ifl^ for this case. It is clearly shown in Table HIH that the 
results obtained with these 7 values in the electric quadrupole 
operator for the irrotational type case are close to those of the 
rigid type case at y=2t = njh. Specifically, the results cal¬ 
culated with 7 = 5;r/3 in the electric quadrupole operator are 
even the same as the corresponding ones for the rigid type 
case. 


TABLE IV: The same as Table IIIII but for transitions corresponding 
to those shown in Fig.[5l 


Li 


Lf 

Rig 

Irro 

IrrOa 

IrrOb 

Li 

— )■ 

Lf 

Rig 

Irro 

IrrOa 

IrrOb 

2 gl 


Ogi 

0 

100 

100 

0 

2ri 

—)■ 


100 

0 

300 

100 

4gl 


2 gl 

0 

141 

165 

0 

2ri 


2 gl 

0 

143 

143 

0 



^gl 

0 

173 

193 

0 

371 

-> 

2/1 

0 

179 

536 

0 

^*1 

—)■ 


0 

191 

205 

0 

^7 


37 

131 

1 

438 

131 


Although the Hamiltonian for the irrotational type case at 
7 = f = ;r /6 is nearly axially-symmetric just as that for the 
rigid type case at y^, njl) corresponding to the oblate shape, 
the irrotational type at yai ;r /6 is often referred to as being tri- 
axial illll because the corresponding geometrical shape is 
indeed most triaxial at 7 = ;r/ 6 . Actually, the levels shown in 
Fig- Scan also be regrouped into a new ground- and a new 7 - 
band according to the energy value of the levels with the same 
L. Specifically, the new ground-band consists of the lowest 
levels with L = 0 or even, while the new 7 -band consist of 
the next to the lowest levels with L = even or the lowest ones 
with L = odd, which is shown in Fig.|5] One can observe that 
the level pattern shown in Fig. |4] and that shown in Fig. |5] are 
quite different. The odd-even staggering appears in the new 7 - 
band for both types of ellipsoid, and the level ordering in the 
7 -band for the irrotational type case is even reversed, which 
are all considered to be signals of the triaxiality OIH . For 
E2 transitions, it is shown in Table llVI that the intra-band tran¬ 
sitions in both the new ground- and the new 7 -band are almost 
prohibited for the rigid type case, which applies to the irrota¬ 
tional type case shown in column Irrob as well. In contrast, 
the intra-band transition rates in the ground-band shown in 
columns Irro and IrrOa present the similar monotonic behav¬ 
ior, namely increasing with the increasing of L, as shown in 
Table UV] Hence, it is recognized that the triaxiality shown 
in Fig. |5] emerges from the rearrangement of the levels of the 


oblate spectrum of the irrotational type case shown in Fig. 01 
which results in a different band assignment. 

V Summary 

In summary, we have presented a detailed comparison of 
dynamical shape characterized by the moments of inertia of 
the rigid type ellipsoid to that characterized by those of the 
irrotational type. It is shown that, up to an energy scaling fac¬ 
tor, the level patterns of the rigid ellipsoid at 7 = 2 f is similar 
to that of the irrotational type at 7 = f to the leading order 
of the deformation parameter. Numerical investigation on the 
excitaion energies and B(E2) values for the two types of the 
model is also carried out, in which the triaxial situations are 
particularly emphasized. It is show that both level patterns 
and E2 transitional characters of the two types of the model 
with prolate and triaxial geometric shape are quite similar as 
shown in Eig. |2] Eig. 0 ] and Table H] Table HI] On the other 
hand, it is shown in Eig.|4|and Eig.|5]that the level patterns of 
the rigid type model with 7 = 7 r /3 is similar to those of the 
irrotational type with 7 = 7r/6. However, if the nuclear charge 
distribution is assumed to be different from its mass distribu¬ 
tion in the irrotational type model, it is shown in Table Hill and 
Table |IV] that a suitable choice of the 7 value in the electric 
quadrupole operator for the irrotational type model may result 
in similar E2 transitional rates to those of the rigid type model, 
in which the 7 value in the moments of inertia is taken to be 
the same for both the irrotational and the rigid type models. In 
addition, the results also indicate that the excited levels in the 
rigid type model with 7 = 7r/3 and the irrotational type model 
with 7 = 7r/6 may be regrouped into the new ground- and 7- 
band, with which the spectrum looks quite similar to that of a 
triaxial rotor. As a result, similar rotational spectrum may be 
generated from different type of the model with different 7 de¬ 
formation parameter. According to low-lying levels observed 
in most deformed nuclei, the band assignment shown in Eig.|5] 
seems more realistic than that shown in Eig 01 namely the 7- 
band head energy seems always higher than the energy of the 
first 2 + state in the ground-band. 
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